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Abstract
Kolpakov proved that an ideal right-angled polyhedron in H4 which has the
minimal facet number is 24-cell [4]. In this paper, we focus on ideal right-angled
polyhedra in H4 other than 24-cell. By looking at the cusps of these polyhedra, we
find that they must have many more facets than 24-cell has.
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1 Introduction
A convex polyhedron in the hyperbolic n-space Hn is called a right-angled if all its
dihedral angles are pi/2.
Let P be a polyhedron in Hn. If the volume of P is finite, then the intersection of
the Euclidean closure of P and the boundary of Hn is a finite set of points. A cusp point
(or an ideal vertex) of P is a point c of P ∩Hn. We say that P has a cusp when there
is a cusp point of P . If the Euclidean closures of the faces of P have a common cusp c,
then we say these faces share the cusp c or have the cusp c. If any vertex of P is a cusp,
then P is ideal.
There are many results concerned with hyperbolic ideal right-angled polyhedra. By
Deza and Shtogrin’s work in [2], we obtain the list of 3-dimensional hyperbolic ideal
right-angled polyhedra, up to 17 cusps whose any face is either triangle or quadrilateral.
We can also see the first 248 values of ideal right-angled polyhedra in H3 in [9]. By
Andreev’s theorem (Theorem 2) and Rivin’s theorem [8, Theorem 1], we can find such
polyhedra in H3 easily.
On the other hand, it is more difficult to find such polyhedra in H4 than in H3.
Kolpakov proved that a regular ideal right-angled polyhedron, which is called 24-cell,
has the minimal facet number among all ideal right-angled polyhedra in H4 [4]. In the
same paper, he also proved that there is no ideal right-angled polyhedron in Hn for n ≥ 7
by using Nikulin-Khovanskij inequality (see [3] and [5]).
From now on, we consider that P is an ideal right-angled polyhedron in H4. Then
any cusp of P is shared by exactly six 3-dimensional faces. Fix a cusp c of P , and denote
by F ci (i = 1, · · · , 6) the six 3-dimensional faces which share this cusp. Denote by Fc
the set of 3-dimensional faces which are adjacent at least one of the six 3-dimensional
faces F ci (i = 1, · · · , 6). The aim of this paper is to prove the following theorem.
Theorem 1. Let P be an ideal hyperbolic 4-dimensional right-angled polyhedron other
than 24-cell. Then there is a cusp c0 of P such that the number of 3-dimensional faces
of Fc0 is at least 24.
We remark that, for any cusp c of 24-cell, the number of 3-dimensional faces of Fc
is 18. Thus Theorem 1 implies that ideal right-angled polyhedra other than 24-cell must
have many more 3-dimensional faces than 24-cell.
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We also remark that we know not so many examples of ideal right-angled polyhedra
in H4. One of the ways to construct new ideal right-angled polyhedron is by gluing
two ideal right-angled polyhedra. By gluing two 24-cell, we obtain an ideal right-angled
polyhedron. This new ideal right-angled polyhedron has forty 3-dimensional faces. In
this paper, we use a lot of figures for considering the combinatorial structures of those
polyhedra. The paper [6] will help us to understand the meaning of these figures.
2 Hyperbolic convex polyhedra
In this section, we study some characteristics of convex polyhedra in hyperbolic spaces.
The main references in this section are [7] and [10].
Let H−i denote a half-space bounded by the hyperplane Hi in the hyperbolic n-space
Hn. Then, a convex polyhedron P in Hn is the intersection of finitely many half-spaces
H−i (i = 1, · · · ,m), that is P = ∩mi=1H−i . It may always be assumed that none of the
half-spaces H−i contains the intersection of all the others. In what follows, we assume
this without special mention. Under this condition, the half-spaces H−i are uniquely
determined by the polyhedron P . A side of P is the intersection of P and a hyperplane
Hi.
We now define a k-dimensional face of P for k = 0, 1, · · · , n. The n-dimensional face
of P is P itself. Any face of P is a convex polyhedron in Hn−1 (see [7, Theorems 6.3.1
and 6.3.4]). Then we call this face an (n− 1)-dimensional face of P . Note that we may
regard a face of (n− 1)-dimensional face of P as a convex polyhedron in Hn−1. Then a
face of an (n − 1)-dimensional face of P is called an (n − 2)-dimensional face of P . In
the same manner, we obtain the k-dimensional face of P for k = 0, 1, · · · , n. A proper
vertex is a vertex not lying in ∂Hn but Hn. Thus a 0-dimensional face of P is a proper
vertex of P . We remark that 1-dimensional face is an edge of P . We denote by Ωk(P )
the set of k-dimensional faces of P .
We call that two hyperfaces F1 and F2 of P are parallel if the hyperplanes containing
them do not intersect but their Euclidean closures intersect in the boundary of Hn. If
two hyperfaces are parallel, then the intersection of their Euclidean closures is exactly
one cusp of P . If two hyperplanes neither are parallel nor have a common point in Hn,
then we say that they are ultra-parallel.
We call a polyhedron non-obtuse if all its dihedral angles do not exceed pi/2.
An n-dimensional combinatorial polyhedron is called simple if any of its proper ver-
tices belongs only to n hyperfaces, and simple at edges if any of its edges belongs only
to (n − 1) hyperfaces. Besides, we call an n-dimensional hyperbolic polyhedron almost
simple if it is simple at edges and any of its proper vertices belongs only to n hyperfaces.
According to the above, any compact non-obtuse polyhedron in Hn is simple, and any
non-obtuse polyhedron of finite volume with vertices at infinity is simple at edges. In
particular, any ideal right-angled polyhedron of finite volume in Hn is almost simple.
The following theorem tells us that we only need to have information of a combina-
torial structure and dihedral angles of a non-obtuse polyhedron to decide whether it can
be realized in H3 or not.
Theorem 2 ([1]). An non-obtuse almost simple polyhedron of finite volume with given
dihedral angles, other than a tetrahedron or a triangular prism, exists in H3 if and only
if the following conditions are satisfied:
(a) if three 2-dimensional faces meet at a proper vertex or a cusp, then the sum of
the dihedral angles between them is at least pi (pi for a cusp);
(b) if four 2-dimensional faces meet at a proper vertex or a cusp, then all the dihedral
angles between them equal pi/2;
(c) if three 2-dimensional faces are pairwise adjacent but share neither a proper vertex
nor a cusp, then the sum of the dihedral angles between them is less than pi;
(d) if a 2-dimensional face Fi is adjacent to 2-dimensional faces Fj and Fk, while Fj
and Fk are not adjacent but have a common cusp which Fi does not share, then at least
one of the angles formed by Fi with Fj and with Fk is different from pi/2;
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(e) if four 2-dimensional faces are cyclically adjacent but meet at neither a proper
vertex nor a cusp, then at least one of the dihedral angles between them is different from
pi/2.
It is known that any k-dimensional face of a non-obtuse polyhedron P ⊂ Hn belongs
only to (n − k) hyperfaces; any k-dimensional face is represented by the intersection
of (n − k) hyperfaces (see [10]). In particular, any proper vertex belongs only to n
hyperfaces.
If a right-angled polyhedron in Hn is ideal, then it does not have a proper vertex.
Since this polyhedron is simple at edges, it must satisfy the conditions in Theorem
2. Moreover, the number of its hyperfaces which share one cusp is exactly 2(n − 1).
Any of these hyperfaces is parallel to one other and adjacent to the remaining 2(n − 2)
hyperfaces. In the next section, we use these characteristics of hyperbolic ideal right-
angled polyhedra.
3 Ideal right-angled polyhedra in H3
In this section, we study some characteristics of ideal Coxeter polyhedra of finite volume
in H3.
By some properties of hyperbolic ideal right-angled polyhedra as we mentioned at the
end of the previous section, we obtain the following lemma.
Lemma 1. A three-dimensional hyperbolic ideal right-angled polyhedron satisfies the fol-
lowing conditions:
(i) Any cusp are shared by four faces,
(ii) Any one of the four faces which shared a cusp is adjacent to other two faces and is
parallel to rest one face,
(iii) if two faces are adjacent, then their intersection is an edge,
(iv) if two faces are parallel but share a cusp, then they share only this cusp.
Let R be the ideal right-angled polyhedron in H3. Denote c(R) (resp. e(R) and
f(R)) the number of cusps (resp. edges and faces) of R. Then we obtain the following
combinatorial identities.
c(R)− e(R) + f(R) = 2, (1)
2c(R) = e(R), (2)
4c(R) =
∑
F∈Ω2(R)
c(F ). (3)
The first identity is Euler’s identity. The other identities are obtained since any cusp
shared by exactly four faces and four edges. Since Any face has at least three cusps, then
4c(R) =
∑
F∈Ω2(R)
c(F ) ≥ 3f(R). (4)
By this inequality and the identities (1) and (2), we obtain that f(R) ≥ 8. Note that
when f(R) = 8, any 2-dimensional face of R is a triangle. This means that R must be a
regular octahedron and be the only ideal right-angled polyhedron which has a minimal
facet number.
If an ideal right-angled polyhedron R is not an octahedron, then it has a face that has
at least four cusps. Thus, by the above inequality, we obtain f(R) ≥ 9. If f(R) = 9 (i.e.
c(R) = 7), then, by the above inequality, R has one rectangular face and eight triangular
faces. We know that there does not exist such a polyhedron by Deza and shtogrin’s work
in [2].
Now we suppose that f(R) = 10. If R has a face denoted by A which has at least five
edges, then there are at least five faces that are adjacent to A and at least five faces which
are parallel to A by A′s cusps. Then f(R) ≥ 11. This means that R has only triangular
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Figure 1: The second smallest ideal right-angled polyhedron in H3
faces and rectangular faces. Then, by [2], its combinatorial structure is depicted in Fig.
1. Note that if f(R) = 10, then R has two rectangular faces (A and A′ in Fig. 1) and
eight triangular faces (Ai and Ajk in Fig. 1).
From now on, we consider the upper half-space model of H3. We assume that a
cusp c0 of ideal right-angled polyhedron R is the point at infinity of this model. The
cusp c0 is shared by exactly four faces of R. The hyperplanes contained these four faces
each are vertical Euclidean planes in this model. The hyperplane which contains any
face of R which does not have the cusp c0 is an upper hemisphere. The intersection of
hyperplane and the boundary of H3 is either a circle or a straight line. Thus, for example,
a right-angled polyhedron R such that f(R) = 10 is depicted as in Fig. 2. This figure
represents the boundary of H3 except for the infinity point c0. The dotted circles show
that the intersection of hyperplanes and the boundary of H3 in this figure. The edges of
the rectangle in the figure are the hyperplanes containing each face of R which share a
cusp c0. Note that this rectangle cannot be a Euclidean square because of the radiuses
of those dotted circles. From now on, when we need only to consider the combinatorial
structures of ideal right-angled polyhedra, we deal with the figure as Fig. 3 instead of
Fig. 2.
Figure 2: The ideal right-angled polyhedron in H3 which has exactly ten faces
Figure 3: The combinatorial structure of the ideal right-angled polyhedron in H3 which
has exactly ten faces
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Next, we try to determine an ideal right-angled polyhedron R satisfying f(R) = 11.
If R has a pentagonal face, then there are five 2-dimensional faces which are adjacent to
it, and there are also five 2-dimensional face which is parallel to it. Thus, R has only
these 2-dimensional faces. But this situation cannot occur by a similar reason as the
case: f(R) = 9. It is clear that R does not have a k-gonal face for k ≥ 6. Thus R must
have rectangular and triangular faces. By [2], its combinatorial structure must be as in
Fig. 4 and Fig. 5.
Figure 4: The ideal right-angled polyhedron in H3 which has exactly eleven faces
Figure 5: Another representation of the ideal right-angled polyhedron in H3 which has
exactly eleven faces
4 Ideal right-angled polyhedra in H4
Before proving our main theorem, we prepare for introducing a useful lemma. Let P be
an ideal right-angled polyhedron in H4. Let F1, F2, · · · , Fm be an ordered sequence of
3-dimensional faces of P . We suppose that each facet Fi is adjacent only to Fi−1 and
Fi+1 through a 2-dimensional face or through a cusp for i = 2, · · · , m− 1, and F1 (resp.
Fm) is adjacent only to F2 and Fm (resp. F1) (through a 2-dimensional face or through
a cusp, as before). We also add the condition that no three of Fj (j = 1, · · · , m) share a
lower-dimensional face. Then we call the sequence F1, · · · , Fm a (k, l) circuit, k+ l = m,
if it comprises k co-dimension two faces and l cusp shared by the facets. The following
lemma is very useful for studying the combinatorial structures of polyhedra in H4.
Lemma 2 ([4]). Let P be an ideal right-angled polyhedron. Then P does not contain
(3, 0), (4, 0), (2, 1) circuits.
From now on, we consider that the 4-dimensional hyperbolic ideal right-angled poly-
hedron P is not 24-cell. By observation of the proof of Theorem 4 in [4], P must have a
3-dimensional face which is not an octahedron. By some notations that we mentioned in
Section 3, we realize that this 3-dimensional face has a 2-dimensional face which is not a
triangle. Denote by c one of cusps that this non-triangular face has. We also denote by
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F c1 the 3-dimensional face mentioned above. Since F
c
1 has a non-triangular face which
has c, then there is a 3-dimensional face which is adjacent to F c1 by this 2-dimensional
face. We denote this new 3-dimensional face by F c2 . The number of 3-dimensional faces
of P which has this cusp c is six. Then we denote these faces by F ci for i = 1, · · · , 6.
We can define that F ci and F
c
j are parallel at c if and only if i + j = 7. Then F
c
i and
F cj are adjacent if i + j ̸= 7. We also assume that c is a point at infinity of the upper
half-space model. If P does not have so many 3-dimensional faces, then the number of
3-dimensional faces which are adjacent at least one of F ci (i = 1, · · · , 6) might be small.
The aim of this section is to prove our main theorem, that is, to obtain the lower bound
of the least number of these 3-dimensional faces.
Since P has neither a (3, 0) circuit nor a (2, 1) circuit, we obtain the following corollary
from Lemma 2.
Corollary 4.1. Let E (resp. E′ and E′′) be a 3-dimensional face of an ideal right-angled
polyhedron P which is adjacent to F ci (resp. F
c
j and F
c
7−i (j ̸= 7− i)) but does not have
c. Then the following three things (1)-(3) satisfy;
(1) if there is no cusp shared by E and E′, then E does not coincide with E′,
(2) E does not coincide with E′′,
In this section, we say property (1) (resp. (2)) to correspond to (1) (resp. (2)) of
Corollary 4.1. We also introduce the following two properties obtained from the
condition “almost simple”.
(3) If two 3-dimensional faces are adjacent, then the intersection of them is a
2-dimensional face.
(4) If two 3-dimensional faces are parallel at a cusp, then the intersection of their
closures consists only of this cusp.
Property (3) means that two 3-dimensional faces can be adjacent by only one 2-dimensional
face and if they are adjacent, they cannot be parallel at a cusp. Property (4) means that
two 3-dimensional faces can be parallel at only one cusp. From now on, we divided into
cases as follows;
(i) At least one of two 3-dimensional faces F c1 and F
c
2 has exactly ten 2-dimensional faces,
(ii) F c1 has exactly eleven 2-dimensional faces, and F
c
2 has at least eleven 2-dimensional
faces,
(iii) otherwise.
Case (i)
By the assumption, the 2-dimensional face F c1 ∩F c2 is not a triangle. Then F c2 must have
at least ten 2-dimensional faces.
Firstly, we assume that F c2 has exactly ten 2-dimensional faces. In this case, for
i = 3, 4, the 3-dimensional face F ci can be an octahedron since the Euclidean distance
d(F c1 ∩F c2 ∩F ci , F c1 ∩F ci ∩F c5 ) between two edges F c1 ∩F c2 ∩F ci and F c1 ∩F ci ∩F c5 is equal to
the Euclidean distance d(F c1 ∩F c2 ∩F ci , F c2 ∩F ci ∩F c6 ) between two edges F c1 ∩F c2 ∩F ci and
F c2 ∩ F ci ∩ F c6 . Moreover, if F c3 and F c4 are octahedra, then F c5 cannot be an octahedron
since the Euclidean distance d(F c1 ∩F c3 ∩F c5 , F c1 ∩F c4 ∩F c5 ) are not equal to the Euclidean
distance d(F c1 ∩ F c3 ∩ F c5 , F c3 ∩ F c5 ∩ F c6 ). In a similar way as above, we can show that
F c6 also cannot be an octahedron in this case. Thus, for the number of 3-dimensional
faces which are adjacent to at least one of F ci (i = 1, · · · , 6) is the smallest, we have
only to consider the case: F c3 and F
c
4 are octahedra, and each 3-dimensional face F
c
i
(i = 1, 2, 5, 6) has ten 2-dimensional faces. Fig. 6-11 show each 3-dimensional face F ci
in this case. We denote by Ai (i = 1, · · · , 18) the 3-dimensional faces which are not F cj
but adjacent to at least one of F cj as in Fig. 6-11. By properties (1)-(4), we know that
Ai ̸= Aj if i ̸= j.
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Figure 6: The 3-dimensional face F c1 in Case (i)
Figure 7: The 3-dimensional face F c2 in Case (i)
Figure 8: The 3-dimensional face F c3 in Case (i)
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Figure 9: The 3-dimensional face F c4 in Case (i)
Figure 10: The 3-dimensional face F c5 in Case (i)
Figure 11: The 3-dimensional face F c6 in Case (i)
Secondly, we assume that F c2 has exactly eleven 2-dimensional faces. In this case,
F c2 as in either left one or right one in Fig. 12. Since the Euclidean distance d(F
c
2 ∩
F c3 ∩ F c6 , F c1 ∩ F c2 ∩ F c3 ) is not equal to d(F c1 ∩ F c2 ∩ F c3 , F c1 ∩ F c3 ∩ F c5 ), then F c3 can not
be an octahedron. Similarly, we can also show that F c4 is not an octahedron. Thus, by
properties (1)-(4), we obtain |Fc| ≥ 24.
Lastly, we assume that F c2 has at least twelve 2-dimensional faces. If three 2-
dimensional faces F c2 ∩ F ci (i = 2, 3, 4) are not triangles, then F c3 and F c4 are not
octahedra because of the Euclidean distances between some two 2-dimensional faces as
we mentioned above. If F c2 ∩ F c3 (resp. F c2 ∩ F c4 and F c2 ∩ F c6 ) is not a triangle, then F c3
(resp. F c4 and F
c
6 ) is not an octahedron. Thus, in any case, if F
c
2 has at least twelve
2-dimensional faces, then |Fc| ≥ 24 by properties (1)-(4).
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Figure 12: The other possibilities of 3-dimensional face F c2 in Case (i)
Case (ii)
We may determine that both F c1 and F
c
2 have exactly eleven 2-dimensional faces, and the
other four 2-dimensional faces F ci (i = 3, 4, 5 and 6) are octahedra for giving the minimal
number of |Fc|. In this case, the combinatorial structures of these six 3-dimensional faces
are depicted as in Fig. 13-18. By properties (1)-(5), seventeen 3-dimensional faces Bi
(i = 1, 2, · · · , 17) depicted in Fig. 13-18 are different. Thus, this situation gives
|Fc| = 23.
Figure 13: The 3-dimensional face F c1 in Case (ii)
Figure 14: The 3-dimensional face F c2 in Case (ii)
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Figure 9: The 3-dimensional face F c4 in Case (i)
Figure 10: The 3-dimensional face F c5 in Case (i)
Figure 11: The 3-dimensional face F c6 in Case (i)
Secondly, we assume that F c2 has exactly eleven 2-dimensional faces. In this case,
F c2 as in either left one or right one in Fig. 12. Since the Euclidean distance d(F
c
2 ∩
F c3 ∩ F c6 , F c1 ∩ F c2 ∩ F c3 ) is not equal to d(F c1 ∩ F c2 ∩ F c3 , F c1 ∩ F c3 ∩ F c5 ), then F c3 can not
be an octahedron. Similarly, we can also show that F c4 is not an octahedron. Thus, by
properties (1)-(4), we obtain |Fc| ≥ 24.
Lastly, we assume that F c2 has at least twelve 2-dimensional faces. If three 2-
dimensional faces F c2 ∩ F ci (i = 2, 3, 4) are not triangles, then F c3 and F c4 are not
octahedra because of the Euclidean distances between some two 2-dimensional faces as
we mentioned above. If F c2 ∩ F c3 (resp. F c2 ∩ F c4 and F c2 ∩ F c6 ) is not a triangle, then F c3
(resp. F c4 and F
c
6 ) is not an octahedron. Thus, in any case, if F
c
2 has at least twelve
2-dimensional faces, then |Fc| ≥ 24 by properties (1)-(4).
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Figure 15: The 3-dimensional face F c3 in Case (ii)
Figure 16: The 3-dimensional face F c4 in Case (ii)
Figure 17: The 3-dimensional face F c5 in Case (ii)
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Figure 18: The 3-dimensional face F c6 in Case (ii)
Now we consider this situation, i.e., P has the six 3-dimensional faces F c1 , F
c
2 , · · · , F c5
and F c6 which are depicted by Fig. 13-18. Denote by c
′ the cusp which is shared by the
six 3-dimensional faces: F c1 , F
c
2 , F
c
4 , B4, B7 and B12. Then we consider the new upper
half-space model whose point at infinity is c′. In this model, F c1 (resp. F
c
2 and F
c
4 ) is
depicted as Fig. 19 (resp. Fig. 20 and Fig. 21). Then the combinatorial structures of
B4, B7 and B12 where they may give the minimal number of |Fc′ | is the case that these
3-dimensional faces are depicted as in Fig. 22-24. Note that we do not mention whether
P exists or not with satisfing the combinatorial structures of those 3-dimensional faces
as in Fig. 13-24. We remark that G1 and G2 are new 3-dimensional faces which are
parallel to F c1 , and G3 (resp. G4) is parallel to F
c
4 (resp. F
c
2 ). We also remark that we
do not mention that the 3-dimensional faces H1 and H2 are already dealt with before or
not. Thus we obtain |Fc′ | ≥ 26.
Figure 19: The 3-dimensional face F c1 with the cusp c
′ at infinity
Figure 20: The 3-dimensional face F c2 with the cusp c
′ at infinity
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Figure 15: The 3-dimensional face F c3 in Case (ii)
Figure 16: The 3-dimensional face F c4 in Case (ii)
Figure 17: The 3-dimensional face F c5 in Case (ii)
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Figure 21: The 3-dimensional face F c4 with the cusp c
′ at infinity
Figure 22: The 3-dimensional face B4 with the cusp c
′ at infinity
Figure 23: The 3-dimensional face B7 with the cusp c
′ at infinity
12
（20）
Figure 24: The 3-dimensional face B12 with the cusp c
′ at infinity
Case (iii): otherwise
The polyhedron P has the six 3-dimensional faces: F ci . There are also at least twelve
3-dimensional faces that are adjacent to at least two of F ci and F
c
j (i ̸= j). There are the
other at least three 3-dimensional faces that are adjacent to F c1 (resp. F
c
2 ) that we do
not count in before since F c1 (resp. F
c
2 ) has at least thirteen 2-dimensional faces. Thus,
we obtain |Fc| ≥ 12 + 6 + 6 = 24.
Hence, by considering Case (i)-(iii), we proved Theorem 1.
In this paper, we count the number of 3-dimensional faces that are adjacent at least
one of F ck (k = 1, 2, · · · , 6). We remark that there also exist 3-dimensional faces, we
did not count in, that are parallel to at least one of these six 3-dimensional faces. That
is, ideal right-angled polyhedra other than 24-cell have a lot of 3-dimensional faces. We
also remark that we may obtain the lower bound on the volume of these polyhedra by
the following theorem.
Theorem 3 ([4, 11]). Let P be a 4-dimensional hyperbolic ideal right-angled polyhedron
which has c(P ) cusps and f3(P ) 3-dimensional faces. Then its volume is equal to
vol(P ) =
c(P )− f3(P ) + 4
3
pi2.
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